This paper gives a partial description of the homotopy type of K, the space of long knots in R 3 . The primary result is the construction of a homotopy equivalence K ≃ C 2 (K p ⊔ { * }) where C 2 (K p ⊔ { * }) is the free little 2-cubes object on the pointed space K p ⊔ { * }, where K p ⊂ K is the subspace of prime knots, and * is a disjoint base-point. In proving the freeness result, a close correspondence is discovered between the Jaco-Shalen-Johannson decomposition of knot complements and the little cubes action on K. These results, together with unpublished results of Hatcher give us a description of the homotopy type of K up to a finite-sheeted cover. Beyond studying long knots in R 3 we show that for any compact manifold M the space of embeddings of R n ×M in R n ×M with support in I n ×M admits an action of the operad of little (n+1)-cubes. If M = D k this embedding space is the space of framed long n-knots in R n+k , and the action of the little cubes operad is an enrichment of the monoid structure given by the connected-sum.
Introduction
A theorem of Morlet's [29] [6] states that the topological group Diff(D n ) of boundary-fixing, smooth diffeomorphisms of the unit n-dimensional closed disc is homotopy equivalent to the (n+ 1)-fold loop space Ω n+1 (T OP (n)/DIF F (n)). Morlet's method did not involve the techniques invented by Peter May [26] for recognizing iterated loop spaces, little cubes actions. This paper begins by defining little cubes operad actions on spaces of diffeomorphisms and embeddings, thus making the loop space structure explicit. In Section 2 it's proved the embedding space The case k = 1 and M = D 2 is of primary interest in this paper as EC(1, D 2 ) is the space of framed long knots in R 3 . In section 3 the structure of EC(1, D 2 ) as a little cubes object is determined. It is shown that in Proposition 3.2 that EC(1, D 2 ) contains the space of (unframed) long knots K as a little 2-cubes equivariant subspace, and that EC(1, D 2 ) ≃ K × Z. In Theorem 3.20 it is shown that K is a free little 2-cubes object on the subspace of prime knots. The homotopy-theoretic content of this theorem is that K ≃ ⊔ ∞ n=0 (C n × K n p )/S n where C n is the configuration space of n labeled points in R 2 , K p ⊂ K is the space of prime long knots, and S n is the symmetric group, acting diagonally on the product. One interpretation of this theorem is that it refines Schubert's theorem [33] on the uniqueness of the prime decomposition in π 0 K to a space-level theorem in K. The novelty of this interpretation is that the connected-sum is not unique in K, we prove it is parametrized by a configuration space! Perhaps the most interesting aspect of Theorem 3.20 is that it states that the homotopy type of the space of long knots in R 3 is a functor in the homotopy type of the space of prime long knots. In Section 4 we outline how these results can be combined with some unpublished results of Hatcher [17] to deduce that every component of K has a finite-sheeted cover which is homotopy-equivalent to a product of finitely-many configuration spaces in R 2 .
There are certain elementary consequences of the little cubes actions defined in Section 2 that are of interest. In Corollary 2.5 the little cubes action on EC(n, M ) for M = { * } together with Peter May's loop space recognition theorem [27] tells us immediately that Diff(D n ) ≃ EC(n, { * })
is an (n + 1)-fold loop space. This corollary is part of Morlet's theorem so it is not new. In Corollary 2.6 the loop space recognition theorem together with the cubes action and a little elementary differential topology tells us that EC(k, D m ) is a (k + 1)-fold loop space provided m ≥ k +2. This last result, to the best of my knowledge, is new. The 2-fold loop space structure given in Corollary 2.6 for k = 1, m ≥ 3 has recently been independently established by Sinha [36] using the Goodwillie Calculus of Embeddings [11, 35, 34, 42, 5] and techniques of McClure and Smith [28] .
The existence of cubes actions on the space of long knots in R 3 was conjectured by Turchin [40] , who discovered a bracket on the E 2 -page of the Vassiliev spectral sequence for the homology of K [41, 1] . Given the existence of a little 2-cubes action on EC(1, D k ) one might expect a co-bracket in the Chern-Simons approach to the de Rham theory of spaces of knots [4, 25, 24, 7] but at present only a co-multiplication is known [8] .
I would like to thank Fred Cohen for teaching me about little cubes actions and pushing me to prove the existence of a little 2-cubes action on the space of long knots and some kind of more general theorem, namely, Theorem 2.4. Allen Hatcher's visit to Rochester in the spring of 2003, and his preprint [17] , were of immense help when it came to formulating Theorem 3.20. I would like to thank Dev Sinha, whose work on spaces of knots has been highly inspiring. Allen Hatcher, Dev Sinha, and Victor Turchin's comments on the first few iterations of this paper were immensely valuable.
Spaces of embeddings and little cubes actions
When first constructing the little 2-cubes action on the space of long knots, it was observed that it is necessary to 'fatten' the space of long knots into a homotopy equivalent space where the little cubes act. The problem with defining a little cubes action on the spaces of long knots as it is commonly defined is that little cubes actions are very rigid. Certain diagrams must commute on the nose [26] , and all known candidates for little cubes actions that one might naively put forward have, at best, homotopy-commutative diagrams. This problem is avoided with the conventions below. Definition 2.1 Let D n := {x ∈ R n : |x| ≤ 1}, where ∂D n = S n−1 . A (single) little n-cube is a function f : I n → I n such that f = f 1 × · · · × f n where f i : I → I has the form f i (t) = a i t + b i for some a i > 0, b i ∈ R. Let CAut n denote the monoid of affine-linear automorphisms of R n of the form f = f 1 × · · · × f n where f i (t) = a i t + b i for some a i > 0, b i ∈ R. Given a little n-cube f , we sometimes abuse notation and consider f ∈ CAut n by taking the unique affine-linear extension of f to R n .
Throughout this paper the space of smooth embeddings Emb(R k × M, R k × M ) has the weak C ∞ function-space topology (See [19] §2.1). We define an action of the monoid CAut k on
In the above formula, we consider both f and f −1 to be elements of CAut n . We write the above action as µ(f, e) = f.e. preprint Proposition 2.2 The two maps
The continuity of • is an elementary consequence of the weak topology. Details can be found in Hirsch's textbook [19] §2.4. The continuity of µ follows immediately.
Definition 2.3
The space of j little k -cubes C k (j) is the space of maps g : ⊔ j i=1 I k → I k such that the restriction of g to the interior of its domain is an embedding, and the restriction of g to any connected component of its domain is a little k -cube. Given g ∈ C k (j), denote the restriction of g to the i-th copy of I k by g i . By convention C k (0) is taken to be a point. This makes the union ⊔ ∞ j=0 C k (j) into an operad, called the operad of little k -cubes C k [26] .
The action of the operad of little (k + 1)-cubes on the space EC(k, M ) is given by the maps
where (t 1 , · · · , t j ) = π t (F 1 , · · · , F j ), (f 1 , · · · , f j ) = π c (F 1 , · · · , F j ) and σ : {1, · · · , j} → {1, · · · , j} is any permutation such that t σ(1) ≤ t σ(2) ≤ · · · ≤ t σ(j) . The map ν 0 : C k+1 (0) × EC(k, M ) 0 → EC(k, M ) is the inclusion of a point * in EC(k, M ), defined so that ν 0 ( * ) = Id R k ×M .
preprint Theorem 2.4 For any compact manifold M and any integer k ≥ 0 the maps ν j for j ∈ {0, 1, 2, · · · } define an action of the operad of little (k + 1)-cubes on EC(k, M ).
Proof First we show the map ν j is well-defined. The only ambiguity in the definition is in the choice of the permutation σ . If there is an ambiguity in the choice of σ this means that a pair of coordinates t p and t q in j -tuple (t 1 , · · · , t j ) = π t (F 1 , · · · , F j ) must be equal. Since (F 1 , · · · , F j ) are disjoint cubes, if a pair F p and F q have projections t p = t q , then f p and f q are disjoint.
Since
So the order of composition is irrelevant. This proves the maps ν j are well-defined.
We prove the continuity of the maps ν j . Given a permutation σ of the set {1, · · · , j} consider the function
This function is continuous, since the composition operation and the action of CAut k is continuous by Proposition 2.2. Given a permutation σ , consider the subspace
. Notice that our map ν j when restricted to W σ agrees with ν σ . Thus the map ν j is the union of finitely many continuous functions ν σ whose definitions agree where their domains W σ overlap, so ν j is a continuous function by the pasting lemma.
We need to show the maps ν j satisfy the axioms of a little cubes action as described in sections 1 and 4 of [26] . There are three conditions that must be satisfied: the identity criterion, symmetry and associativity. The identity criterion is tautological, since if Id I k+1 is the identity little (k + 1)-cube, its projection is the identity cube, which acts trivially on EC(k, M ). Symmetry is similarly tautological. The associativity condition demands that the diagram below commutes.
The commutativity of this diagrams follows from the same argument given that shows that the maps are well-defined. If one chases the arrows around the diagram both ways, the two objects that you get in EC(k, M ) are composites of the same embeddings, perhaps in a different order. Any pair of embeddings that have had their order permuted must have disjoint supports, so their order is irrelevant.
The group of boundary-fixing diffeomorphisms of the compact n-dimensional ball, Diff(D n ) is homotopy-equivalent to an (n + 1)-fold loop space.
Proof Peter May's loop space recognition theorem [27] states that a little (n + 1)-cubes object X is (weakly) homotopy equivalent to an (n + 1)-fold loop space if and only if the induced monoid structure on π 0 X is a group.
Consider the monoid structure on π 0 EC(n, { * }). Let (F 1 , F 2 ) ∈ C n+1 (2) be two little (n + 1)cubes such that π c (F 1 ,
This means the induced monoid structure on EC(n, { * }) is given by composition. EC(n, { * }) is a group under composition since it is the group of diffeomorphisms R n with support contained in I n . Thus, π 0 EC(n, { * }) is a group, and by the loop space recognition theorem [27] , EC(n, { * }) is weakly homotopy equivalent to an (n + 1)-fold loop space. Since EC(n, { * }) is a Frechét manifold (see Hirsch [19] ) it satisfies the first axiom of countability and so the topology on EC(n, { * }) is compactly-generated in the sense of Steenrod [38] . Thus by the loop space recognition Theorem, the EC(n, { * }) is homotopy-equivalent to an (n + 1)-fold loop space.
Provided we show that Diff(D n ) ≃ EC(n, { * }) we are done. Fix a collar neighborhood of S n−1 .
There is a restriction map from Diff(D n ) to the space of collar neighborhoods of S n−1 in D n . This restriction map is a fibration [32] and the space of collar neighborhoods of S n−1 in D n is contractible (see [19] §4.5.3). The above argument is not sufficient, because the fiber of this fibration is not EC(n, { * }). Replace the smooth collar neighborhood of S n−1 in D n with a manifold-with-corners neighborhood of S n−1 which is the complement of an open cube in D n . In this case we get a fibration whose fiber we can identify with EC(n, * ). The argument that the space of cubical collar neighborhoods is contractible is analogous to the proof in Hirsch's text (see [19] §4.5.3).
The above corollary is also a corollary of Morlet's theorem [29] , which is also sometimes called the disjunction lemma. Morlet's manuscript was not widely distributed. A proof of Morlet's theorem can be found in Burghelea and Lashof's paper [6] .
Corollary 2.6 EC(k, D n ) is homotopy equivalent to a (k + 1)-fold loop space, provided n ≥ k + 2.
Proof This follows from the loop space recognition theorem [27] since we will show that π 0 EC(k, D n ) is a group. In the next paragraph we will show that any two elements f, g ∈ EC(k, D n ) are isotopic modulo their framings. The space of framings of the unknot is homotopy equivalent to Ω k SO n and so with respect to the little cubes action π 0 EC(k, D n ) is a group, moreover π 0 EC(k, D n ) is a quotient group of π k SO n .
The following argument is implicit in the work of Whitney [44] . We recast the argument in modern language. Let f ′ , g ′ ∈ Emb(I k , I k × D n ) be the restrictions of f and g to I k × {0}.
x)) then by the weak Whitney embedding theorem (see for example [19] §1.3.5, or [13] §1.8) F ′ is arbitrarily close (in the C ∞ -topology) to a smooth embedding G ′ :
be an open neighborhood of (1, 0, · · · , 0) ∈ R 1+k+n . By Sard's Theorem [19] §3.1, there is a residually dense set of vectors v ∈ N such that, π v • G ′ is a 1-parameter family of embeddings (see for example the proof of the Whitney Embedding Theorem [13] ). Provided N is small enough, we can identify v ⊥ with R k+n simply by forgetting the first coordinate. Thus π v • G ′ gives an isotopy between two embeddings, one which is ǫ-close to f ′ and the other ǫ-close to g ′ . Therefore π • G ′ can be extended to an isotopy between f ′ and g ′ . The goal of this section is to prove that K ≃ C 2 (K p ⊔ { * }), where K is the space of long knots, and K p ⊂ K is the subspace of prime knots. If X is a pointed space with base-point * ∈ X the free little 2-cubes object on X is the space C 2 (X) = ((⊔ ∞ n=0 C 2 (n) × X n )/S n ) / ∼. S n is the symmetric group, acting diagonally on the product in the standard way, and the equivalence relation ∼ is generated by the relations
If we give an arbitrary un-pointed space X a disjoint base-point * , then there is the identity
In this section we first build up a close correspondence between the little cubes action and what is sometimes known as the satellite decomposition of knots, or to be more precise, the JSJ-decomposition of knot complements. We then follow standard arguments of Hatcher's to employ mapping class groups of 3-manifolds in the proof of the freeness result.
Our preferred model for the space of long knots will be a subspace K of EC(1, D 2 ), which we will relate to the standard model. Given an embedding f ∈ EC(1, D 2 ), define ω(f ) to be the linking number of f |R×{(0,0)} with f |R×{(0,1)} . One concrete way to define this integer is the transverse intersection number of the map
is called the framing number of f . ω : EC(1, D 2 ) → Z is 2-cubes equivariant fibration, since the framing number is additive under the connected-sum operation. We consider Z to be an abelian group, and thus a little 2-cubes object.
Perhaps a more common model for the space of long knots in R 3 is [32] . Let F denote the fiber of this fibration. By definition, F is the space of tubular neighborhoods of the unknot which are standard outside of I × D 2 . By the classification of tubular neighborhoods theorem (see for example [19] ), F is homotopy equivalent to the space of fiberwise-linear automorphisms of R × D 2 with support in I × D 2 , ie: F ≃ ΩSO 2 ≃ Z. Thus ω defines a splitting of the fibration F → EC(1, D 2 ) → Emb(R, R 3 ), giving the two homotopy equivalences
We denote this by f ∼ φ 1 #φ 2 # · · · #φ n and call the knots {φ i : i ∈ {1, 2, · · · , n}} the summands of f . Clearly for
A knot is prime if is not in the component of the unknot, and if all connected-sum decompositions are trivial.
Since C 2 (n) is connected, we can choose the n little 2-cubes (F 1 , F 2 , · · · , F n ) ∈ C 2 (n) in the definition of connected-sum to be * . As in Proposition 3.2 we can associate to f ∈ K the knot
} and S i = ∂B i . We will provide an equivalent definition for f to be a connected-sum in terms of g .
We say g is a connected-sum if g is isotopic to g ′ ∈ Emb(R, R 3 ) such that:
• There exists knots (the summands of g )
Non-trivial connected-sums and prime knots are defined analogously. A theorem of Schubert [33] states that every non-trivial g can be written uniquely, up to a re-ordering of the terms, as a connected-sum of prime knots g = g 1 # · · · #g n .
We review the Jaco-Shalen-Johannson decomposition of 3-manifolds [20] . This is a standard decomposition of 3-manifolds along spheres and tori, given by the connected-sum decomposition [23] followed by the torus decomposition of the prime summands [20] (see for example [16] ). Kneser's Theorem [23] states that every compact, orientable 3-manifold is a connected-sum of a unique collection of prime 3-manifolds M = M 1 #M 2 # · · · #M n , where uniqueness is up to a re-ordering of the terms.
The torus decomposition of a prime 3-manifold M consists of a minimal collection of embedded
The theorem of Jaco, Shalen and Johannson states that such a collection of tori {T 1 , T 2 · · · , T n } always exists and moreover they are unique up to isotopy [20] . Given an arbitrary prime 3-manifold, there is an associated graph called the JSJ-graph of M . The vertices of the JSJ-graph are the components of the manifold M − ⊔ n i=1 νT i . The edges of the graph are the tori
an open tubular neighborhood of the knot. We will call C = B − N ′ the knot complement. Define T = ∂C . We now review JSJ-splittings of knot complements. Every sphere in R 3 bounds a 3-ball by the Alexander-Schoenflies Theorem (see for example [16] ), thus knot complements are prime 3-manifolds, and the Jaco-Shalen-Johannson decomposition of a knot complement is the torus decomposition. The Generalized Jordan Curve Theorem (see for example [13] ) tells us a knot complement's associated graph is a tree. The tree is rooted, as only one component of C − ⊔ n i=1 νT i contains T . The component of C − ⊔ n i=1 νT i containing T will be called the root manifold of the JSJ-splitting.
. P n will be called the n-times punctured disc. ∂D 2 is the external boundary and ∂(img(b)) the internal boundary of P n −1
There are a few elementary facts that we will need about JSJ-splittings of knot complements and diffeomorphism groups of 2 and 3-manifolds. We assemble these facts in the following lemmas, all which are widely 'known' yet published proofs are elusive. An essential reference for the following proofs are Hatcher's notes on 3-dimensional manifolds [16] .
Since ∂M consists of a disjoint union of tori, every component of ∂M contains an essential curve α which bounds a disc D in S 3 . Isotope D 2 so that it intersects ∂M transversally in essential curves. Then ∂M ∩ D ⊂ D consists of a finite collection of circles, and these circles bound a nested collection of discs in D. Take an
The only possible Seifert-fibered manifolds in a JSJ-splitting of a knot complement are S 1 × P n , Seifert-fibered manifolds that fiber over a once-punctured disc with one singular fiber, and Seifert-fibered manifolds that fiber over the disc with two singular fibers (torus knot complements).
Proof Seifert-fibered manifolds that fiber over a non-orientable surface do not embed in S 3 since a non-orientable, embedded closed curve in the base lifts to a Klein bottle, which does not embed in S 3 by the Generalized Jordan Curve Theorem [13] .
A Seifert-fibered manifold that fibers over a surface of genus g > 0 does not embed in S 3 since the base manifold contains two curves that intersect transversely at a point. If we lift one of these curves to a torus in S 3 , it must be non-separating. This again contradicts the Generalized Jordan Curve Theorem.
Consider a Seifert-fibered manifold M over an n-times punctured disc with n > 0 and with perhaps multiple singular fibers. Let ∂M = ⊔ n i=0 T i . We can rule out the case that M is a solid torus, since ∂M must have incompressible boundary in the knot complement. Let T 0 bound a solid torus Y , ∂Y = T 0 , where Y ⊂ C (see Lemma 3.5).
We divide our argument into two cases, depending on whether or not fibers of M are meridians of Y .
If fibers of M are meridians of Y we will show that M ≃ S 1 × P n . If there is a singular fiber in M , let β be an embedded arc in the base surface associated to the Seifert-fibering of M which starts at the singular point in the base and ends at the boundary component corresponding to T 0 . β lifts to a 2-dimensional CW-complex in M , and the endpoint of β lifts to a meridian of Y , thus it bounds a disc. If we append this disc to the lift of β , we get a CW-complex X which consists of a 2-disc attached to a circle. The attaching map for the 2-cell is multiplication by q where p/q is the 'slope' of the singular fiber. The boundary of a regular neighborhood of X is a 2-sphere, so we have decomposed S 3 into a connected sum with a lens space S 3 = L p/q #S 3 thus q = 1 and M has no singular fibers, so M ≃ S 1 × P n .
If the fibers of M are not meridians of Y , then we can extend the Seifert fibering of M to a Seifert fibering of
If M ∪ Y = S 3 then we know by the classification of Seifert fiberings of S 3 that any fibering of S 3 has at most two singular fibers, thus M is either a torus knot complement (fibered over a disc with two singular fibers) or a solid torus. M can not be a solid torus, since ∂M would not be incompressible in the knot complement. Thurston [39] has proved that the non-Seifert-fibered parts of the JSJ-splitting of a knot complement are finite-volume hyperbolic manifolds. These hyperbolic manifolds can have finitely-many boundary components. By Dehn's Lemma, any such hyperbolic manifold must be a hyperbolic link complement. The example above shows a knot with two tori in its JSJ-decomposition. The root manifold is a hyperbolic 3-component link complement and the top two manifolds are trefoil complements.
Lemma 3.8 A knot is a non-trivial connected-sum if and only if the root manifold of the associated JSJ-tree is diffeomorphic to S 1 × P n for some n ≥ 2. In this case, n is the number of prime summands of f .
Proof If f ∈ K is a non-trivial connected-sum, let n be the number of prime summands of f , and isotope f so that f |R×{0} 2 satisfies Definition 3.3.
Let L ⊂ R 2 be the closed disc of radius 1 2 centered about the origin. Let
Let νT i be a small open tubular neighborhood of T i , then C − ⊔ n i=1 νT i consists of n + 1 components. One component contains T = ∂C and the other n components are the knot complements of the prime summands of f , C 1 , C 2 , · · · , C n . The component containing T we will denote V . V is diffeomorphic to S 1 × P n .
By Dehn's Lemma the tori {T i : i ∈ {1, 2, · · · , n}} are incompressible in C . If {T n+1 , · · · , T n+m } are the tori of the JSJ-decomposition for ⊔ n i=1 C i , the collection {T 1 , T 2 , · · · , T n , T n+1 , · · · , T n+m } is therefore the JSJ-decomposition of C . Thus, V ≃ S 1 × P n is the root manifold in the JSJ-tree associated to C .
To prove the converse, let V be the root manifold of the JSJ-splitting of C . Observe that ∂V ≃ ∂(S 1 × P n ) divides R 3 into n + 2 components, only one containing the knot. Let T denote the boundary of the component which contains the knot. By Lemma 3.6 the fibers of S 1 × P n are meridians of the knot. Let L 1 , · · · , L n be properly embedded intervals in P n which cut P n into the union of a disc with n once-punctured discs. Then ⊔ n i=1 (S 1 × L i ) can be extended to n disjoint, embedded 2-spheres S i ⊂ R 3 such that S i ∩ (S 1 × P n ) = S 1 × L i , and S i ∩ img(f |R×{0} 2 ) consists of two points. Thus we have decomposed the knot f into a connected-sum. Definition 3.9 In the above lemma, we call the tori T 1 , · · · , T n the base level of the Jaco-Shalen-Johannson decomposition of the knot complement. Lemmas 3.8, 3.7 and Thurston's hyperbolisation theorem [39] gives us a canonical decomposition of knots into simpler knots via cablings, connected-sums and hyperbolic satellite operations commonly referred to as the satellite decomposition of knots. Indeed, the satellite decomposition tells us that every knot can be constructed in a unique way from the unknot by iterating these three operations.
Example 3.10 An example is given below of a composite knot, its Jaco-Shalen-Johannson decomposition, and the associated JSJ-graph.
the JSJ tree S 1 × P 3 is the root manifold, T 1 , T 2 , T 3 are the base-level of the JSJ-decomposition of C , and T 4 is the remaining torus in the JSJ-decomposition of C . The leftmost summand is the trefoil knot. The trefoil is a cable of the unknot and C 1 is the trefoil complement, which is Seifert fibered over a disc with two singular fibers. The center summand is a figure-8 knot. The figure-8 knot is obtained from the empty collection of knots by a hyperbolic satellite operation and C 2 is the figure-8 knot complement, which is hyperbolic. The rightmost summand is the Whitehead double of the figure-8 knot. Here C 3 is the union of C ′ 3 (the Whitehead link complement) and C ′′ 3 (a figure-8 [15] , BDiff(C, T ) ≃ K f , where K f is the component of K containing f . The fact that Diff(C, T ) has contractible components is due to Hatcher [14] .
In the above lemma, BG = EG/G is the classifying space of a topological group G = Diff(C, T ) and EG = Diff(B). Using Smale's Theorem Diff(D 2 ) ≃ { * } [37] , the proof of the above lemma also can be used to prove that C 2 (n)/S n ≃ BDiff(P n ) where Diff(P n ) is the group of diffeomorphisms of P n that fix the external boundary of P n point-wise.
Let PDiff(P n ) denote the subgroup of Diff(P n ) consisting of diffeomorphism whose restrictions to ∂P n are isotopic to the identity map Id ∂Pn : ∂P n → ∂P n . Then similarly, by Smale's Theorem C 2 (n) ≃ BPDiff(P n ).
Let PFDiff(P n ) be the subgroup of PDiff(P n ) consisting of diffeomorphisms whose restrictions to ∂P n are equal to the identity Id ∂Pn . π 0 Diff(P n ) is called the braid group on n-strands. π 0 PDiff(P n ) is called the pure braid group on n-strands, and π 0 PFDiff(P n ) is called the pure framed braid group on n strands. Observe that PFDiff(P n ) is homotopy equivalent to the subgroup PFDiff + (P n ) of PFDiff(P n ) consisting of diffeomorphisms which restrict to the identity in an ǫ-neighborhood N of the internal boundary of P n . This follows from the fact that the space of collar neighborhoods of ∂P n in P n is contractible.
Definition 3.12 This definition will use the notation of Definition 3.4 and the previous paragraph. Every diffeomorphism in PFDiff + (P n ) can be canonically extended to a diffeomorphism of the once-punctured disc D 2 − int(D 2 i ) simply by taking the union with Id D 2 j for j = i. Thus, for each i ∈ {1, 2, · · · , n} there is a homomorphism w i : PFDiff + (P n ) → π 0 PFDiff(S 1 × I) ≃ Z given by the above extension together with an identification D 2 − int(D 2 i ) ≡ S 1 × I. Here PFDiff(S 1 × I) denotes the group of boundary-fixing diffeomorphisms of S 1 × I. The generator of π 0 PFDiff(S 1 × I) ≃ Z is a Dehn twist about a boundary-parallel curve [12] . Let DN n denote a free abelian subgroup of PFDiff + (P n ) having rank n, all whose elements have support in N , generated by Dehn twists about n curves in N , the i-th curve parallel to ∂D 2 i .
Lemma 3.13
There is an isomorphism of groups π 0 PDiff(P n ) × Z n ≃ π 0 PFDiff(P n )
Moreover, the subgroups ∩ n i=1 ker(w i ) and DN n satisfy:
is a homotopy equivalence. • Elements of DN n and ∩ n i=1 ker(w i ) commute with each other, and DN n ∩ (∩ n i=1 ker(w i )) is the trivial group.
• The homomorphism ∩ n i=1 ker(w i ) × DN n → PFDiff(P n ) is a homotopy equivalence.
Proof Take Diff(S 1 ) to be the group of orientation preserving diffeomorphisms of a circle, and consider the fibration PFDiff(P n ) → PDiff(P n ) → n i=1 Diff(S 1 ) given by restriction to the internal boundary of P n . This gives us the short exact sequence
is a splitting of the above short exact sequence. The kernel of n i=1 w i is π 0 ∩ n i=1 ker(w i ). By definition, elements in ∩ n i=1 ker(w i ) and DN n commute with each other, and so the result follows.
We will also need a mild variation on Lemma 3.13. Let * = (0, −1) be the base-point of D 2 and let γ i : [0, 1] → P n for i ∈ {1, 2, · · · , n} be the affine-linear map starting at * and ending at ( 4i−2n−2 2n+1 , − 1 2n+1 ) P n γ 1 γ 2 γ n * R × {0} · · · Definition 3.14 Define KDiff(P n ) to be ∩ n i=1 ker(w i ). Define FDiff(P n ) to be the subgroup of Diff(P n ) such that each diffeomorphism f ∈ FDiff(P n )
• restricts to a diffeomorphism of N , ie: f |N : N → N .
• the restriction of f |N to any connected component of N is a translation in the plane.
Observe, there is an epi-morphism FDiff(P n ) → S n ⋉ Z n given by f −→ (σ f , ω 1 (f ), · · · , ω n (f )) where
Here γ j (t) = γ j (1 − t) and concatenation is by convention right-to-left, ie: if γ, η : [0, 1] → X satisfy η(1) = γ(0) then γ · η(t) = η(2t) for 0 ≤ t ≤ 1 2 and γ · η(t) = γ(2t − 1) for 1 2 ≤ t ≤ 1. • S n ⋉ Z n is the semi-direct product of S n and Z n where S n acts on Z n by the regular representation ie:
Call the above epi-morphism Ω : FDiff(P n ) → S n ⋉Z n , and define KDiff(P n ) = Ω −1 (S n ×{0} n ).
Lemma 3.15
There is a fiber-homotopy equivalence
where all vertical arrows are inclusions.
The above lemma follows immediately from Lemma 3.13.
Abstractly there is a homotopy equivalence between BKDiff(P n ) and C 2 (n) given by the proof of Lemma 3.11. Since the properties of this homotopy equivalence will be important later, we define it precisely here.
Definition 3.16
Given f ∈ Diff(D 2 ), let φ(f ) = (F 1 , F 2 , · · · , F n ) be the n little 2-cubes such that the center of F i is f ( 4i−2n−2 2n+1 , 0), and the side lengths of of F i are the same and equal to the minimum of these two numbers:
1 2n+1 and the smallest number w so that the little cubes with centers f ( 4i−2n−2 2n+1 , 0) with width and height equal to w for i ∈ {1, 2, · · · , n} have disjoint interiors. Then φ : Diff(D 2 ) → C 2 (n) factors to a map BKDiff(P n ) → C 2 (n) which is a homotopy-equivalence.
The definition below will use the conventions of Definition 3.4, in particular we will call S 1 × ∂D 2 ⊂ S 1 × P n the external boundary of S 1 × P n , and ∂(S 1 × P n ) − S 1 × ∂D 2 the internal boundary of S 1 × P n . Definition 3.17 Let η i : S 1 → ∂D 2 i be a clockwise parametrization of ∂D 2 i starting and ending at γ i (1). Notice that λ i = γ i η i γ i for i ∈ {1, 2, · · · , n} are generators for π 1 P n . Let { * } × λ i and S 1 × { * } denote generators of π 1 (S 1 × ∂D 2 i ). Let Diff(S 1 × P n ) be the group of diffeomorphisms of S 1 × P n whose restriction to the external boundary are equal to the identity Id S 1 ×∂D 2 and whose restriction to the internal boundary S 1 × ∂(img(b)) sends {1} × η i to a curve isotopic to {1} × η σ(i) for all i ∈ {1, 2, · · · , n} where σ : {1, 2, · · · , n} → {1, 2, · · · , n} is a some permutation of {1, 2, · · · , n}. Let PDiff(S 1 × P n ) denote the group of diffeomorphisms of S 1 × P n whose restrictions to the internal boundary are isotopic to the identity and whose restrictions to the external boundary are equal to the identity Id S 1 ×∂D 2 . Similarly, define PFDiff(S 1 × P n ) to be the group of diffeomorphisms of S 1 × P n which restrict to the identity Id S 1 ×∂Pn . Let KDiff(S 1 ×P n ) be the subgroup of PFDiff(S 1 ×P n ) consisting of diffeomorphisms having the form Id S 1 × f where f ∈ KDiff(P n ), and let KDiff(S 1 × P n ) denote the subgroup of Diff(S 1 × P n ) consisting of diffeomorphisms of the form f = Id S 1 × g for g ∈ KDiff(P n ).
Lemma 3.18 There is a fiber-homotopy equivalence
where all vertical arrows are inclusions (and homotopy equivalences).
preprint Proof We consider S 1 × P n to be a Seifert fibered manifold. Hatcher [14] proves that the full group of diffeomorphism of S 1 ×P n is homotopy equivalent to the fiber-preserving subgroup. Let G denote the fiber-preserving subgroup of PDiff(S 1 × P n ). Thus, the inclusion G → PDiff(S 1 × P n ) is a homotopy equivalence. Since the group of orientation preserving diffeomorphisms of S 1 is homotopy equivalent to SO 2 , G is homotopy equivalent to the subgroup G ′ ⊂ G of fiberwiselinear diffeomorphisms of S 1 × P n . Since every diffeomorphism in PDiff(S 1 × P n ) restricts to a diffeomorphism of ∂(S 1 × P n ) which is isotopic to the identity, G ′ is homotopy equivalent to the subgroup of diffeomorphisms of the form
The key consideration in the above argument is whether or not f could be a Dehn twist along a vertical annulus. By Lemma 3.13, PDiff(P n ) is homotopy equivalent to KDiff(P n ). The remaining results follow from Lemmas 3.15 and 3.13.
The following lemma is used to simplify the proof of Theorem 3.20. It is a standard variation of a construction of Borel [3] (chapter IV, §3).
Lemma 3.19
If G is a topological group with H a closed normal subgroup such that G/H is a finite group, then there exists a canonical normal, finite-sheeted covering space
Where BH → BG is given by the projection EG/H → EG/G where we identify BH = EG/H . Let K p be the subspace of K consisting of the long knots which are prime with respect to the connect-sum decomposition of knots [33] . Unless stated otherwise, the unknot is the implied base-point of K.
First, we sketch the proof of Theorem 3.20. The fact that the map ⊔ ∞ n=0 ν n induces a bijection ⊔ n∈{0,1,2,3,··· } π 0 C 2 (n) × K n p /S n → π 0 K is due to Schubert [33] . His theorem states that every knot decomposes uniquely into a connectedsum of prime knots, up to a re-ordering of the terms. Since the map ⊔ ∞ i=0 ν i is bijective on components, we need only to verify that it is a homotopy equivalence when restricted to any single connected component. By Lemma 3.11, the components of both the domain and range are K(π, 1)'s. So we have reduced the theorem to checking that the induced map is an isomorphism of fundamental groups for every component. The inspiration for the proof of this is the fibration below, which we call the little cubes fibration.
S n → C 2 (n) × K n p → (C 2 (n) × K n p )/S n Let f ∈ K with f = f 1 #f 2 # · · · #f n , where (f 1 , · · · , f n ) ∈ K n p are the prime summands of f . Let K f denote the component of K containing f , similarly define K f i . Thus the above fibration, when restricted to the connected component C 2 (n) × n i=1 K f i of C 2 (n) × K n p , has the form:
By Lemma 3.11 the little cubes fibration gives the short exact sequence below. Lemma 3.11 . So the idea of the proof is to find an analogous fibration for K f . So we are looking for a homomorphism π 0 Diff(C, T ) → Σ f .
Since the tori in the JSJ-splitting of C are unique up to isotopy, define a permutation σ g : {1, 2, · · · , n} → {1, 2, · · · , n} by the condition that σ g (i) = j if g(T i ) is isotopic to T j where T 1 , T 2 , · · · , T n are the base-level of the JSJ-decomposition of C . This is well-defined since g fixes T = ∂C and the JSJ-decomposition is unique up to isotopy. The homomorphism σ : π 0 Diff(C, T ) → S n is onto Σ f since two long knots f i and f j are isotopic if and only if C i and C j admit orientation preserving diffeomorphisms which also preserve the (oriented) meridians of C i and C j .
The kernel of σ one would expect to be the mapping class group of diffeomorphisms of C which do not permute the base-level of the JSJ-splitting of C . Such a diffeomorphism g , when restricted to V ≃ S 1 × P n can isotoped to be in KDiff(S 1 × P n ). Thus g restricts to diffeomorphisms g |C i ∈ Diff(C i , T i ) for all i ∈ {1, 2, · · · , n}, leading us to expect the kernel of σ is π 0 PDiff(P n )× n i=1 π 0 Diff(C i , T i ). By Lemma 3.11 π 0 Diff(P n ) ≃ π 1 C 2 (n) and π 0 Diff
which is the analogue of the SES coming from the little cubes fibration.
In the argument below, we rigorously redo the above sketch at the space-level. We construct a fibration of diffeomorphism groups whose long exact sequence is the SES given above. We then use Lemma 3.19 to convert this fibration of diffeomorphism groups into a fibration which describes K f , this we will show is equivalent to the little cubes fibration. Theorem 3.20 K is the free little 2-cubes object C 2 (K p ⊔ { * }). The union ⊔ n∈{0,1,2,3,··· } ν n is a homotopy equivalence ⊔ n∈{0,1,2,3,··· } C 2 (n) × K n p /S n → K Proof We will show that ⊔ ∞ i=0 ν i is a homotopy equivalence, component by component. Let f ∈ K be a knot specifying a connected component K f of K.
In the case of the unknot f = Id R×D 2 , we know from the proof of the Smale conjecture [15] that the component of K containing f is contractible. C 2 (0) × K 0 p is a point thus the map ν 0 is a homotopy equivalence between these two components.
If f is a prime knot, n = 1 and the little cubes fibration S 1 → C 2 (1) × K 1 p → (C 2 (1) × K 1 p )/S 1 is trivial, thus K f is a component of K p . In this case, our map ν 1 is mapping from C 2 (1) × K p to K p . Since C 2 (1) is contractible and our action satisfies the identity axiom, ν 1 is homotopic to the composite of the projection map C 2 (1) × K p → K p with the inclusion map K p → K , and so ν 1 is a homotopy equivalence between (C 2 (1) × K p )/S 1 and K p . preprint Consider the case of a composite knot f = f 1 #f 2 # · · · #f n ∈ K n ≥ 2 with f i prime for all i ∈ {1, 2, · · · , n}. Let C = B − N ′ denote the knot complement, as in Lemma 3.8. Let T = ∂C , let V ≃ S 1 × P n denote the root manifold of the associated tree to the JSJ-decomposition of C and let T 1 , · · · , T n denote base-level of the JSJ-decomposition of C (see Lemma 3.8, Definition 3.9). Similarly, let V ≃ S 1 × P n , B i and C i for i ∈ {1, 2, · · · , n} be as in Lemma 3.8. Let Diff(C, T ) be the group of diffeomorphisms of C that fix T point-wise. Let Diff V (C, T ) denote the subgroup of Diff(C, T ) consisting of diffeomorphisms which restrict to diffeomorphisms of V . Let PDiff V (C, T ) denote the subgroup of Diff V (C, T ) consisting of diffeomorphisms whose restrictions to ∂V are isotopic to Id ∂V . Let Emb(⊔ n i=1 T i , C) denote the space of embeddings of ⊔ n i=1 T i in C . If we restrict a diffeomorphism in Diff(C, T ) to ⊔ n i=1 T i and mod-out by the parametrization of the individual tori, we get a fibration (which is not necessarily onto)
Since T i is incompressible in C , this fibration is mapping to embeddings which are also incompressible. The tori ⊔ n i=1 T i are part of the JSJ-splitting of C , and the JSJ-splitting is unique up to isotopy. This means that a diffeomorphism in Diff(C, T ) must send T i to another torus in the JSJ-splitting (up to isotopy), but more importantly that torus must be in the base-level of the JSJ-splitting since the diffeomorphism is required to preserve T .
is an isotopy class of n embedded, labeled tori. Provided the tori are incompressible, such a component must be contractible [14] . Consider the union X of all the components of Emb(⊔ n i=1 T i , C)/ n i=1 Diff(T i ) which correspond to embeddings whose image are the base-level of the JSJ-splitting of C . X must have the homotopy type of the symmetric group S n . Consider S n to be the subspace
The above argument proves that there is a fiber-homotopy equivalence, where all the vertical arrows are given by inclusion.
Typically it is demanded that fibrations are onto. Since the knot f is a connected-sum, and some of the summands {f i : i ∈ {1, 2, · · · , n}} may be repeated, define the equivalence relation ∼ on {1, 2, · · · , n} and the partition-preserving subgroup Σ f ⊂ S n as in the comments before Theorem 3.20. Thus the above fibration is onto Σ f .
Since every diffeomorphism g ∈ PDiff V (C, T ) restricts to a diffeomorphism of V , consider the restriction to V ≃ S 1 × P n . Since the g extends to a diffeomorphism of R 3 , g |V : V → V must preserve (up to isotopy) the longitudes and meridians of each T i . To be precise, a meridian of T i is an oriented closed essential curve in T i which bounds a disc in R 3 − int(C i ). The orientation of the meridian is chosen so that the linking number of the meridian with the knot is +1. A longitude in T i is an essential oriented curve in T i which bounds a Seifert surface in C i . The orientation of the curve is chosen to agree with the orientation of f i .
Thus, if we identify V with S 1 × P n in a way that sends knot meridians to fibers of S 1 × P n and the longitude of f i to {1} × η i ⊂ S 1 × P n for all i ∈ {1, 2, · · · , n} then (by a slight abuse of notation) g |S 1 ×Pn ∈ PDiff(S 1 × P n ). T ) to be the subgroups such that each diffeomorphism g restricts to a diffeomorphism of V ≡ S 1 × P n , g |S 1 ×Pn ∈ KDiff(S 1 × P n ) and g |S 1 ×Pn ∈ KDiff(S 1 × P n ) respectively. By Lemma 3.18, the vertical inclusion maps in the diagram below give a fiber-homotopy equivalence
If we apply Lemma 3.19 to the above fibration, we get the normal covering space
Where the two vertical homotopy equivalences come from Lemma 3.11 and the identification KDiff(S 1 × P n ) ≡ KDiff(P n )
where the Σ f action is simply the restriction of the diagonal S n action S n ×(C 2 (n)×K n ) → C 2 (n)×K n to Σ f ×(
Thus we know abstractly that there exists a homotopy equivalence between (C 2 (n)× n i=1 K f i )/Σ f and K f . To finish the proof, we show ν n :
is such a homotopy equivalence. Since both the domain and range of ν n are K(π, 1)'s, it suffices to show that the diagram below commutes.
Fix i ∈ {1, 2, · · · , n} and φ ∈ π 0 Diff(C i , T i ). Consider φ to be an element of π 1 BKDiff(S 1 × P n ) × n i=1 π 1 BDiff(C i , T i ) by the standard inclusion. If one chases φ along the clockwise route around the diagram to π 1 K f , one is simply converting φ into an element φ ∈ π 1 K f using Lemma 3.11. This means that one is applying an isotopy to the i-th knot summand f i of f , and the isotopy has support in B i (see Lemma 3.8) . If one chases φ along the counter-clockwise route around the diagram, one converts φ into a loop in π 1 K f i using Lemma 3.11, then the little cubes construction is applied to this loop creating a second loopφ ∈ π 1 K f . The loop produced via the little cubes constructionφ is the same loop in π 1 K f as φ since the little cubes and other knot summands remain fixed through the isotopy, keeping the support of the isotopy in B i .
Given θ ∈ π 0 KDiff(S 1 ×P n ) consider it as an element of π 1 BKDiff(S 1 ×P n )× n i=1 π 1 BDiff(C i , T i ) by the standard inclusion. We will chase θ around the diagram. This chase is a little more involved than the previous one, as it involves the little cubes action on K in a non-trivial manner.
Our strategy for the proof is to chase θ around the diagram in a counter-clockwise manner to get an element in π 0 KDiff V (C, T ). We denote this diffeomorphism by C θ . We need to show that C θ is the identity on ⊔ n i=1 C i and when restricted to V , C θ|V ≡ θ under our identification V ≡ S 1 × P n . We will do this via an explicit computation. First, notice that we can simplify the problem. θ determines a loop θ ∈ π 1 C 2 (n) which in turn defines an isotopy ν n ( θ, f 1 , f 2 , · · · , f n ) of f , which by Lemma 3.11 determines the diffeomorphism C θ of C . Recall how C θ is constructed.
is the pure braid group which can be in turn thought of as a subgroup of the full braid group, π 0 KDiff(S 1 × P n ) ≃ π 0 KDiff(P n ) ≃ π 0 Diff(P n ). In π 0 Diff(P n ) every element can be written as a product of Artin generators {σ i : i ∈ {1, 2, · · · , n − 1}} (see for example [2] ), these are the half Dehn twists about curves bounding the i-th and (i + 1)-st punctures of P n . Let θ = α j • α j−1 • · · · • α 1 where α i ∈ Diff(P n ) are either Artin generators or their inverses, thus T θ = T α j • T α j−1 • · · · • T α 1 . This in principle reduces our problem to studying T σ i for i ∈ {1, 2, · · · , n − 1}.
By the definition of ν n , T σ i is the identity on the balls B k for k / ∈ {i, i + 1}, and T σ i permutes the two balls B i and B i+1 , acting by translation. Thus T θ must restrict to be the identity on ⊔ n i=1 C i . Let * = (0, −1, 0) ∈ ∂B be the base-point of B . Let ξ i : [0, 1] → B be the unique affine-linear function so that ξ i (0) = * and ξ i (1) = ( 4i−2n−2 2n+1 , − 1 2n+1 , 0) ∈ ∂B i . Let p i : S 1 → C i be a longitude of C i starting and ending at ξ i (1). Since T σ i acts by translation on the balls {B i : i ∈ {1, 2, · · · , n}}, for all k ∈ {0, 1, 2, · · · , j} define the i-th longitude p k i of (α k • α k−1 • · · · • α 1 )(C) to to be the restriction of
π 1 ((α k • α k−1 • · · · • α 1 )(C)) therefore has a natural identification with Z × ( * n i=1 Z) which has presentation m, l k 1 , l k 2 , · · · , l k n : [m, l k 1 ], [m, l k 2 ], · · · , [m, l k n ] . Here m is a knot meridian, or equivalently a fiber of the Seifert fibering of the base-manifold of the JSJ-splitting of C .
Recall the Dehn-Nielsen theorem [31] (see [45] for a modern proof). It states that the map π 0 Diff(P n ) → Aut(π 1 P n ) is injective. We compute the induced automorphism on Z × ( * n i=1 Z) given by the composite φ k+1 • T α k+1 • φ −1 k . Without loss of generality, assume α k+1 = σ q for some q ∈ {1, 2, · · · , n − 1}, therefore ν n ( α k+1 , f 1 , f 2 , · · · , f n ) represents an isotopy which pulls the knot summand in the ball B q+1 through the knot summand in the ball B q . Therefore,
Thus, via our identifications, C θ ∈ KDiff V (C, T ) induces the same automorphism of π 1 V ≡ π 1 (S 1 × P n ) as does θ ∈ KDiff(S 1 × P n ), which proves the theorem. 
4 Where from here?
There are several directions one could go from here. One direction would be to ask, what is the homotopy type of the full space K?
Starting with the unknot, one can produce new knots by: using hyperbolic satellite operations, cablings, or taking the connected-sum of knots. If these procedures are iterated, one can produce all knots [39, 20] . Theorem 3.20 tells us how the homotopy type of a composite knot K f is related to the homotopy type of {K f i : i ∈ {1, 2, · · · , n}} where {f i : i ∈ {1, 2, · · · , n}} are the prime summands of f . So we need to understand:
• How the homotopy type of K f is related to the homotopy type of K g if f is a cabling of g .
• If f is obtained from knots {f i : i ∈ {1, 2, · · · , n}} via a hyperbolic satellite operation, how is the homotopy type of K f related to K f i for i ∈ {1, 2, · · · , n}.
It is beyond the scope of this paper to determine the homotopy type of K completely, but there are reasons to be optimistic towards understanding the homotopy type of K.
Theorem 4.1 (Hatcher) [17] If a knot f is a cabling of a knot g then K f ≃ S 1 × K g
The hyperbolic satellite case is more difficult than the cabling case, though it seems like here, too, there should be a reasonable answer. In broad outline, what is known so far [17] is that if a knot f is obtained from knots {f i : i ∈ {1, 2, · · · , n}} by a hyperbolic satellite operation then there is a fibration
A finite-sheeted cover of K f is homotopy equivalent to the product (S 1 ) 2 × n i=1 K f i , and moreover this covering space is a normal covering space whose group of covering transformations is abelian with at most two generators. One would think there should be a reasonably-simple description of the action of π 1 (S 1 ) 2 on the fiber, but at the moment it is not entirely clear. There are simple cases where the action is non-trivial, like with the Whitehead double of the figure-8 knot. A reasonable conjecture is that the only non-trivial automorphisms of the fiber come in the form of 1) permutations of the repeated factors in the product n i=1 K f i and 2) involutions acting on individual factors K f i that arise when f i is an invertible knot, coming from the inversion map R f i : K f i → K f i defined below. 
This Corollary follows immediately from the previously mentioned theorems together with:
• The class of finite-sheeted covering spaces is closed under the product and composite operations.
• S 1 ≃ C 2 (2).
More generally, one could ask, what is the homotopy type of other spaces of knots?
The case of closed knots in S 3 is similar and can be approached with many of the same techniques used here, though it appears to have more complications due to more delicate extension problems involved [17] . An interesting point of Hatcher's work is that one needs to know the answer to the linearization conjecture to understand even the homotopy type of the component of a knot as simple as a hyperbolic knot.
It would be very interesting to know what the homotopy type of the space of long 1, 2 or 3-knots in R 4 is, but unfortunately the techniques of this paper are of limited use since it is still unknown whether or not a smooth embedded 3-sphere in R 4 bounds a ball, and very little is known about the homotopy type of Diff(D 4 ) [21] .
There are however some results known in dimension 4. Sinha and Scannell prove that the homotopy groups of the space of unframed long knots in R 4 has non-torsion elements in dimensions 2 through 6 [34] . EC(1, D 3 ) is related to the space of long knots in R 4 by the fibration which forgets about the framing. This tells us that π i EC(1, D 3 ) contains non-torsion elements for i ∈ {2, 4, 5, 6}. One reason why this is interesting is that it tells us something non-trivial about the diffeomorphism group of a 4-dimensional manifold.
The fibration Diff(D 4 ) → EC(1, D 3 ) has a fiber which is homotopy equivalent to Diff(S 2 × D 2 ) (diffeomorphisms fixing the boundary). The homotopy LES of this fibration splits into short exact sequences 0 → π i+1 EC(1, D 3 ) → π i Diff(S 2 × D 2 ) → π i Diff(D 4 ) → 0. We can deduce from this that π i Diff(S 2 × D 2 ) has non-torsion elements for i ∈ {1, 3, 4, 5}. By Theorem 2.4 we know that Diff(S 2 × D 2 ) ≃ EC(2, S 2 ) is a 3-fold loop space. Three-dimensional instincts might lead one to suspect that the inclusion Ω 2 SO 3 ⊂ Diff(S 2 × D 2 ) is a homotopy equivalence, where Ω 2 SO 3 is thought of as the subgroup of fiber-preserving (fiberwise-linear) diffeomorphisms of S 2 × D 2 . These instincts would be wrong! We have just seen that although the inclusion Ω 2 SO 3 → Diff(S 2 × D 2 ) admits a 3-fold de-looping, it can not be a homotopy equivalence since the homotopy groups of the domain and range are not the same.
